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The SACDA group at the University of Western Ontario has developed an 
equations-oriented modular process simulation program called MASSBAL. A 
model of a process is constructed by selecting and flowsheeting standard building 
blocks describing fundamental operations such as the mixing and separating of 
streams. Building blocks are also provided by which equipment operating or 
design equations may be incorporated into the model. Reconciliation of the incon- 
sistency and redundancy of process measurements is an optional feature of the 
program. The measurements are reconciled by minimizing a weighted least- 
squares criterion while satisfying the model equations and any modeling con- 
straints. The minimum is obtained directly, avoiding the need for laborious 
searching techniques. 
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SCOPE 

Process simulation has become a valuable tool for designing, 
characterizing, and monitoring the performance of industrial 
processes. I t  can be broadly defined as the use of mathematical 
models to formulate and solve the steady state material and 
heat balances, equipment operating or design equations, and 
equations providing information on production, consumption 
of feed stocks, costs, and similar data for a process. 

Most process simulation programs use the sequential modu- 
lar approach to solving the model equations. It has become 
apparent, however, that the assumptions of this technique 
limit its application to design and optimization problems. 
These limitations can be overcome by an equations-oriented 
approach. Several equations-oriented programs have been de- 
veloped or are under development. Some of the more ad- 
vanced of these are ASCEND (Carnegie Mellon University), 
FLOWSIM (University of Connecticut), MASSBAL (SACDA), 
QUASILIN (Cambridge), and SPEEDUP (Imperial College). 

For the process simulation model to be used effectively, it 

must be validated. This validation or reconciliation involves 
comparing actual instrument readings and analyses with cal- 
culated values from the model. Because the measurements are 
subject to random and systematic error, possibly gross, they are 
not normally consistent with the model equations nor indeed 
with the redundancy within themselves. To solve the reconcili- 
ation problem a methodology is required which insures that 
the model equations are satisfied, the difference between the 
measured and calculated values is minimized, and gross errors 
are detected. Excellent reviews of the published work on this 
problem have been presented by Hlavacek (1977) and Mah 
(1981). 

The objectives of this paper are to characterize the modular 
implementation of the equations-oriented approach to process 
simulation used in the MASSBAL program, to present the 
methodology by which the MASSBAL program solves the data 
reconciliation problem, and to demonstrate the effectiveness 
of this methodology through practical applications. 

CONCLUSIONS AND SIGNIFICANCE 

The MASSBAL program employs an equations-oriented ap- 
proach to process simulation. This technique expresses the 
complete model of the process as a single large system of non- 
linear algebraic equations, termed the model equations. The 
model equations are solved simultaneously. 

The equations-oriented approach is implemented in a modu- 
lar environment in the MASSBAL program. A model of a pro- 
cess is constructed by selecting and flowsheeting standard 
building block modules that set up, but do not solve, the equa- 
tions for such fundamental operations as stream mixing and 
separating, addition or consumption of heat, and reaction. 
Building block modules that set up equipment operating or 

Correspondence concerning this paper shouldbe a d d r e d  to C. F. Shewchuk. 

design equations and equations relating production, consump 
tion of feed stocks, cost, etc. to process operation are also pro- 
vided. The inclusion of such equations is only limited by the 
requirement that they do not create redundancy or inconsist- 
ency in the equation set. This provides a great deal of flexibil- 
ity. For example, operating costs can be determined for various 
modes of operation, and production rates can be used to di- 
rectly determine feed stock requirements. 

The model equations are solved by a Newton-Raphson itera- 
tive procedure. The algorithm used to solve the linearized 
equations takes advantage of the sparsity of the Jacobian ma- 
trix, the invariance of the partial derivatives of the linear terms 
of the model equations, and the concept of symbolic and alge. 
braic solutions to minimize computer memory requirements 
and computation time. This algorithm is used routinely to 
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solve equations sets comprised of 200 to 4,000 equations. Con- 
vergence is usually rapid and computation time is relatively 
short. 

Reconciliation of process measurements is an optional fea- 
ture of the MASSBAL program. Operating data can be input 
directly into an underconstrained model. An optimization is 
performed whereby the model equations are satisfied and the 
deviations of the measured and calculated values are mini- 
mized in a least-squares sense. Gross errors are detected by 
statistical examination of the deviations. 

The optimization is solved using the method of Lagrange 
multipliers. It is shown that the equations-oriented approach is 
well suited for the optimization. All that is necessary is to aug- 
ment the solution vector with the Lagrange multipliers, trans- 

pose the Jacobian matrix for the model, and add the measure- 
ments that link the partitions of the augmented equation set for 
the optimization. The set of minimum deviations is found di- 
rectly; searching is not required. 

The data reconciliation feature of the MASSBAL program 
has been used in process troubleshooting, monitoring process 
operation on an on-going basis, and “back-calculating” equip 
ment parameters for predictive models. The MASSBAL pro- 
gram is mounted on several computer service bureaus that 
make it commercially available throughout North America 
and Europe. Users of the program are drawn from the pulp and 
paper, mineral processing, pharmaceutical, and petrochemi- 
cal industries. 

INTRODUCTION 

Process simulation has become an accepted and valuable tool 
for designing, characterizing, and monitoring the performance 
of industrial processes. It is also becoming an important part of 
the curriculum of many engineering schools. A recent review of 
this subject has been presented by Shacham et al. (1982) and a 
number of textbooks are also available, notably Westerberg et 
al. (1979) and Meyers and Seider (1976). 

The problems that can be solved using process simulation fall 
into three broad categories: simulation, design, and optimiza- 
tion. In the simulation problem, the process feeds and the 
equipment or design variables for the processing units are com- 
pletely defined. The unknowns are the variables associated 
with all other process streams and tag-along variables such as 
operating costs. Determining the effect of changes in feed rate 
and/or composition and determining the effect of changes in 
process configuration fall into this category. In the design prob- 
lem, some of the equipment variables are left unspecified and 
an equivalent number of stream variables are constrained. The 
calculated variables can be used to size and/or specify equip- 
ment. In the optimization problem, any of the stream or equip- 
ment variables may be left unspecified. The unspecified vari- 
ables are determined so as to minimize an objective function. 
The data reconciliation problem is included in this classifica- 
tion. 

Most process simulation programs use the sequential modu- 
lar approach. In this technique, the modeling equations for 
each unit in the flowsheet are formulated so that the outlet 
stream variables are calculated in terms of the inlet stream and 
equipment variables, and solved in process sequence. When 
recycle streams are present, an iterative scheme is required. 
The technique is based on two assumptions. First, the equip- 
ment variables and the process stream variables associated with 
streams entering the flow sheet are completely defined and are 
not treated as unknowns. Second, the flow ofthe information in 
the mathematical model coincides with the material flow. Al- 
though this approach has some advantages for the simulation 
problem, it is not well suited for the design and optimization 
problems. In both cases, the above assumptions no longer apply 
and its use becomes cumbersome. The sequential modular ap- 
proach also eliminates the use of balance equations for several 
units together or for the whole plant. This may lead to the total 
material balance being far off for converged solutions. Shacham 
et al. (1982) characterize the different techniques for process 
simulation. 

The equations-oriented approach overcomes the limitations 
ofthe sequential modular technique. In this approach the com- 
plete model is expressed as a single large system of nonlinear 

algebraic equations that are solved simultaneously. All equip- 
ment and stream variables are treated as unknowns. No as- 
sumptions are made regarding what variables must be specified 
or about the flow of information in the model. What is required 
is that the model equations be independent and consistent. 

For a process simulation model to be of practical use as an 
engineering tool, it must be validated. This validation or recon- 
ciliation involves comparing process measurements with calcu- 
lated values from the model. Differences in these values arise 
from two main sources. First, the measurements are subject to 
random and systematic errors, possibly gross, arising from in- 
strument faults, reading error, inaccurate laboratory analyses, 
and similar problems. Such errors result in data that are not 
only inconsistent with the simulation model, but are inconsist- 
ent within themselves. Second, the model may not adequately 
represent the process. This is often caused by the basic simpli- 
fying assumptions of the model. In some situations, however, 
the process might in fact be different from that perceived by 
the modeler. Multiple-effect evaporators are widely used in the 
pulp and paper industry for concentrating spent cooking liquor 
and in the food processing industry for concentrating products 
such as orange juice. An evaporator body for which the instru- 
ments indicate a negative boiling point rise is an example of the 
first source of difference between the measured and calculated 
values. An evaporator body with a tube leak, the perceived 
process being a body with no leak, is an example of the second 
source of difference. Shewchuk et al. (1980) report that data 
reconciliation can be both time consuming and expensive. In- 
dustrial applications are discussed by Ham et al. (1979). 

The reconciliation problem has received consideration in the 
literature for more than twenty years. Kuehn and Davidson 
(1961) used Lagrange multipliers to solve for optimal adjust- 
ments to the measurements for the case when either all or none 
of the component flow rates are measured. Excellent reviews 
on this problem have been presented by Hlavacek (1977) and 
Mah (1981). Recently, Crowe et al. (1983) have proposed an 
approach based on matrix projection. The treatment is re- 
stricted to balances that are linear, although an extension to 
bilinear balances is presented. It is assumed for the linear case 
that for any stream in which a concentration or temperature is 
measured, the total flow is also measured. This permits the 
calculation of the flow rate of enthalpy or of a component. 
These values are then used as measurements to be adjusted. 

THE PROCESS MODEL 

The equations-oriented approach is implemented in a modu- 
lar environment in the MASSBAL program. Each of the stan- 
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dard building block modules sets up the equations associated 
with it. For example, consider a stream splitter having in gen- 
eral K outlet streams and C components per stream. The subset 
of K(C + 1) + 1 equations in K(C + 2) variables that would be 
set up by invoking the standard building block for a splitter is 

Component mass balances: 

Ak/Fk = fb/Fo for i = 1, C and k = 1, K (1) 
Total mass balance: 

5 F k - F , = O  
k- 1 

Temperature relationships: 

Tk - To = 0 fork = 1,K. (3) 
This building block has K - 1 variables for which equations are 
not formulated. That is, there are K - 1 degrees of freedom. 
These are the relative flow splits between the outlet streams. A 
special building block module is included in the MASSBAL 
program by which the user provides equations, termed model- 
ing constraints, that satisfy the degrees of freedom associated 
with the standard building block modules. The modeling con- 
straints generated by this building block module can set vari- 
ables to fixed valaes, equate variables, linearly relate two or 
more variables, relate two variables as a fixed ratio or product, 
and relate two variables by a table of values. Modeling con- 
straints of arbitrary complexity can be accommodated through 
user-supplied subroutines. These equations are, only restricted 
by the requirement that they do not create redundancy or in- 
consistency in the equation set. This provides a great deal of 
flexibility. For example, production rate can be used directly to 
determine feed stock requirements. 

The relationships that model the operation of a proposed or 
existing process include mass and energy balances, equipment 
specific operating equations, modeling constraints and, option- 
ally, equations that provide management information on pro- 
duction, consumption of feed stocks, costs, and related factors. 
These relationships form a set of N nonlinear simultaneous 
model equations which can be written as 

f(x) = 0. (4) 

(5) 
is comprised of the process stream, equipment, and other re- 
lated variables of the model. 

The solution of a set of nonlinear simultaneous equations can 
be accomplished by a number of methods. These are classified 
as precedence-ordering methods, tearing methods, iterative 
methods without partial derivatives, and iterative methods 
with partial derivatives. The Newton-Raphson method, which 
falls in the last classification, is used in the MASSBAL program. 
This method approximates the functionsf by Taylor series ex- 
pansions terminated after the first derivatives, thus providing 
the linearized set of equations 

J ( 4 I x -  Ax = -f(x)I** (6) 

(7) 

Ax x - x *. (8) 

The solution vector, which may be expressed as 

= (X I .%,  . . . ,%dT, 

where, 

Jij (4 = afi (4/dX, 

and 

If the partial derivatives of the terms of a model equation are 
only slightly affected by one or more of the variables, a quasi- 
Newton linearization may be used. Equation 6 can be solved for 
Ax provided that MandNare equal and](%) is well-conditioned. 

This solution is used to refine the estimate of the solution vector 
according to 

x = x E  ++Ax (9) 
Equations 6 and 9 are evaluated iteratively until 

IAr,/x$’l< E for J = 1 ,  N (10) 
at which point the solution to Eq. 4 is determined. The relax- 
ation factor can be used to assist convergence. A value less than 
one may be required for the first few iterations when xE may 
deviate significantly from the solution. The initial estimate of x 
can be internally generated, partially user-supplied, or the re- 
sult from a previous similar simulation. For many MASSBAL 
models this method obtains convergence for a value of E equal 
to 0.00001 in approximately 10 iterations. 

It is well established that iterative methods that use partial 
derivatives converge in fewer iterations than iterative methods 
not using partial derivatives. This is a primary reason for choos- 
ing the Newton-Raphson method. However, the decrease in 
the number of iterations must be weighed against an increase in 
computation time for evaluating the partial derivatives. This 
effect can be offset by taking advantage of the concept of sym- 
bolic and algebraic solutions and the invariance of the partial 
derivatives of the linear terms of the model equations. 

The distribution of nonzero terms in the Jacobian matrix for 
an equation set typical of process simulation is illustrated in 
Figure 1. One of the most striking features of the matrix is its 
sparsity. The MASSBAL program employs an equation-solving 
algorithm developed by Bending and Hutchison (1973). It uses 
a pivot selection strategy which minimizes fill-in-that is, the 
generation of nonzero elements during decomposition of the 
Jacobian matrix- and exploits the sparsity to efficiently utilize 
computer memory, storing only the nonzero elements of the 
matrix. A flowsheet for a brown stock washer-knotter subsys- 
tem of a chemical pulping process is shown in Figure 2. The 
model generated by the MASSBAL program for this subsystem 
has 339 equations. The Jacobian matrix has 1,150 nonzero ele- 
ments, which is only 1.0% of the total. The solution procedure 
generates a further 700 nonzero elements, which corresponds 

\ 

I 
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I 

.-- 
VARIABLE NUMBER (HUNDREDS) 

Figure 1. Distribution of nonzero terms in the Jacobian matrix 
for an equation set typical of process simulation. 
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Figure 2. Flowsheet for a brown stock knotter-washer subsystem of a chemical pulping process. 

to a fill-in of only 0.6%, or an increase in nonzero elements of 
60.9%. 

The equation-solving algorithm used by the MASSBAL pro- 
gram also uses the concept of symbolic and algebraic solutions 
of linear algebraic equations to dramatically reduce computa- 
tion time. While obtaining the first solution, the elementary 
row operations, which represent the symbolic decomposition 
of the matrix, are coded in a list. Because the topology of the 
Jacobian matrix does not change from one iteration to the next, 
this list may be used to obtain the solution on subsequent itera- 
tions by simply performing the algebra. It has been found that 
several algebraic iterations can be performed in the computa- 
tion time required for obtaining a single symbolic solution. For 
the model of the brown stock knotter-washer subsystem, the 
symbolic solution requires 1.440 s computation time on a CDC 
Cyber 835, while the algebraic solution requires 0.158 s. That 
is, about nine algebraic solutions are performed in the same 
computation time as one symbolic solution. 

The MASSBAL program maintains the Jacobian matrix be- 
tween iterations and calculates the derivatives of only the non- 
linear terms of the model equations for algebraic iterations. The 
partial derivatives of the linear terms of the model equations 
are invariant. Since only from 10 to 40% of the terms in many 
process simulation equation sets are nonlinear, a significant 
saving in computation time is achieved. For the model of the 
brown stock knotter-washer subsystem referred to above, 
about 33% of the terms of the model equations are nonlinear. 

THE DATA RECONCILIATION PROBLEM 

The MASSBAL program permits the input of redundant and 
inconsistent measured data directly into an underconstrained 
model. The only restriction is that a subset of the measured 
values must be sufficient to satisfy the unconstrained degrees of 
freedom. The measurements are reconciled by minimizing a 

weighted sum of the squares of the normalized differences be- 
tween the measured and calculated values while satisfying the 
model equations and any modeling constraints. 

To express the reconciliation optimization mathematically, 
the solution vector is first partitioned as 

2=(u:u)T ( 1  1) 
u and v are the subsets of the measured and unmeasured vari- 
ables, having lengths P and M-P respectively. The problem 
can then be stated as: minimize 

subject to Eq. 4. The weighting factor is an arbitrary measure of 
the relative confidence of the measured value. A weight of zero 
effectively eliminates the measurement from the analysis. The 
measurement range is used to normalize the deviation between 
the measured and calculated value. Using normalized devia- 
tions accommodates mixing of various types of process vari- 
ables in the measured subset. 

Using Lagrange multipliers, the optimum is found by obtain- 
ing a stationary point of the Lagrangian 

(13) 
Setting the derivatives of G(x,A) with respect to the Lagrange 
multipliers to zero forms the set of N nonlinear equations 

G(x,A) = g(u) + A'f(x).  

f (4 = 0, (14) 
which are identical to Eq. 4 except for the reordering of the 
terms off implied by Eq. 11. Setting the derivatives of C ( x , l )  
with respect to the process variables to zero yields 

The matrix A links Eqs. 14 and 15. It is a P X P diagonal matrix 
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for which 
Q 

q-1 
A,= 2 2wpqlf-L (16) 

B , =  2 2w,m,lr;q (17) 

The vector B has length P and is defined by 
Q 

q-1 

Equations 14 and 15 form a set of N + Mnonlinear equations 
in M + N unknowns for which the solution minimizes g(u) and 
satisfies Eq. 4. The solution of this equation set proceeds as 
described for the process simulation model. Equation 14 can be 
linearized as in Eq. 6. For computation it is more expedient, 
however, to write the linearized equation set in terms of x. 
Assuming a value of unity for 4 results in the linearized equa- 
tion 

J(x)Ir*x = - . fk) Iz* +J(z)Ir.x'* (18) 
A quasi-Newton linearization of Eq. 15 which neglects the ef- 
fects of the second-order partial derivatives with respect to the 
process variables results in the equation 

This linearization provides two important benefits. First the 
Lagrange multipliers do not appear in any of the coefficients of 
the linearized equations. Therefore, they do not require an 
initial guess. Second, time-consuming evaluation of the second 
derivatives is avoided. In augmented form the linearized equa- 
tions set appears as 

This representation demonstrates that the equations-oriented 
approach is well suited for the data reconciliation optimization. 

Under the assumption that the absolute deviations of the 
measured and calculated values are normally distributed, the 
MASSBAL program annotates any measurements that lie out- 
side the 95% confidence limit. Although the assumption of 
normality has been shown to be violated in practice, it has been 
found that this examination detects any gross errors. There is no 
substitute, however, for engineering judgment. The deviations 
may all be within the expected error tolerance from an engi- 
neering point of view, but a measurement may be annotated 
because it is statistically larger than the others. 

The formulation of the data reconciliation problem de- 
scribed herein is computationally highly efficient. The opti- 
mum solution is obtained directly; no costly trial and error 
simulations are required. Typically, a data reconciliation prob- 
lem requires about the same number of iterations as the corre- 
sponding simulation problem and about one-and-a-half times 
the computation time. 

A problem that is encountered with unconstrained optimiza- 
tion problems is that a solution of the equations which also 
minimizes the objective function may not be realizable in prac- 
tice. The very fact that the measured values represent, in gen- 
eral, the physical reality helps insure that this will not occur. 

APPLICATIONS 

The data reconciliation feature of the MASSBAL program is a 
tool for troubleshooting the operation of a process. A signifi- 
cant deviation between a measured and calculated value may 
yield an indication of a potential instrument problem. The de- 
viations between the measured and calculated values along 
with the detailed results of the simulation may pinpoint a unit 
that is not functioning as expected. The resolution of the dis- 
crepancies between the process and the simulation results is in 
essence the basics of troubleshooting that a process engineer 
would perform. 

A second use of the data reconciliation feature is monitoring 
the operation of a process on an on-line basis. The simulation 

D a t e  

Figure 3. Trend of the overall heat transfer coefficient for an evaporator set. 
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Figure 4. Screening and cleaning system for a CTMP pulp mill. 

results may be obtained regularly and automatically if the com- 
puter on which the program is mounted can communicate with 
the process control system. Trends can be generated and used 
to track the performance of the process. Also, unexpected 
changes in the operation of the process may be identified. A 
typical application is the monitoring of the overall heat transfer 
coefficient of an evaporator set reported by Shewchuk et al. 
(1980). A plot of the overall heat transfer coefficient based on 
the daily log sheets for a 16-day period is shown in Figure 3. 
Fouling of the heat transfer surfaces causes the overall heat 
transfer coefficient to decrease with time. The trend is used to 
indicate when cleaning of the surfaces using boilout is required. 

The above applications of the data reconciliation feature 
have a common characteristic. If sufficient redundancy exists, 
they may be employed using simple heat and material balance 
models with no requirement for detailed mathematical models 
of process equipment. The generality of the method, however, 
does not preclude the inclusion of equipment models of arbi- 
trary complexity in the process models. The MASSBAL pro- 
gram leaves this option open to the user. 

Some applications of process simulation such as evaluation of 
alternate operating strategies and sensitivity testing require a 
predictive model. By including the predictive model in the 
reconciliation optimization, the parameters of the predictive 
model that best fit the process operation are determined. Since 
a variable can have more than one corresponding measure- 
ment, sets of process measurements collected over a period of 
time can be used directly to obtain values of the parameters 
which more closely represent steady state than is possible by 
using a single set or an average of a number of sets. This model 
can then be used in subsequent simulations to represent the 
process operation at different conditions. 

As an illustration of this application consider the screening 
and cleaning system of a typical CTMP pulp mill shown in Fig- 
ure 4. The objective of the modeling is to obtain a model that 
will predict shive removal efficiency under different operating 
conditions. The shive removal of a screen or cleaner can be 

described by 
E ,  = aRW/[(a - l ) R w  + 11. (21) 

Figure 5 is a graphical representation of this equation for var- 
ious values of the shive removal constant. The MASSBAL pro- 
gram has a feature whereby a group or macro, defined in terms 
of the fundamental building blocks, can be declared. The macro 
defined for the screens and cleaners would incorporate Eq. 21  
with the shive removal constant left unconstrained. This allows 
the constant to either be fixed externally or be calculated from 
measured values. This macro is then used with the standard 
building blocks to construct a block diagram of the process as 
shown in Figure 6. The measurements summary generated by 
the MASSBAL program for the reconciliation optimization for 
this example is shown in Figure 7. Figure 8 is the output for the 

0 25 50  75 100 
Welght Rejected ( X )  

Figure 5. Shive removal model for screens and cleaners. 
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Figure 6. Block diagram for screens and cleaners flowsheet. 

macro representing the secondary cleaners. The value of the 
shive removal constant is that which best fits the process mea- 
surements. The results of this analysis can be used to investigate 
alternative operating conditions or flow sheet arrangements in 
a predictive mode. 

SUMMARY 

The MASSBAL program implements the equations-oriented 
approach to process simulation in a modular environment. 
Standard building blocks, which set up equations for such fun- 
damental operations as stream mixing and separation, are used 
to represent the process. The model equations form a large set 
of nonlinear algebraic equations which are solved simulta- 
neously using the Newton-Raphson iterative technique. 

Reconciliation of process measurements is an optional fea- 
ture of the MASSBAL program. The associated optimization is 
solved using Lagrange multipliers. It is shown that for the equa- 
tions-oriented approach data reconciliation is a straightforward 
extension of the simulation problem. This feature makes pro- 
cess simulation more directly usable by in-plant engineers for 
detecting instrument problems, troubleshooting operating 
problems, and monitoring performance. It also provides a 
mechanism for specialists in process simulation to more easily 
generate validated process models. 
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Figure 7. Measurements summary. 
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NOTATION 

a = screen/cleaner shive removal constant 

A = P X P diagonal matrix defined by A, = 9 2w,/rX 

B = vector of length P defined by B, = 2wpqm,/r& 

C = number of components in a stream 
f- lefthand side vector of model equations 

fb = flow of component i in inlet stream 
Jk = flow of component i in outlet stream k 
Fo = total flow in inlet stream 
Fk = total flow in outlet stream k 
g = objective function for data reconciliation 
G = Lagrangian 
i = model equation index 
j = solution vector index 
J = Jacobian matrix 
k = outlet stream index for splitter building block 

K = number of outlet streams for splitter building block 

M = number of variables in solution vector 
N = number of model equations 
p = measured variables vector index 
P = number of measured variables 
q = measurements for up index 
Q, = number of measurements for up 
rw = measurement range for the qth measurement of up 
A, = screen/cleaner weight reject ratio 
To = temperature of inlet stream 

9’1 

9- 1 

mw = qth measurement for up 

Tk = temperature of outlet stream k 
u = subset of 2 for which measurements exist 
u = subset of 2 for which no measurements exist 

ww = arbitrary weight for 4th measurement of up 
2 = solution vector for model equations 
2’ = estimate of x 
Ax = vector of corrections to x 
E = convergence tolerance 
E, = screen/cleaner shive removal efficiency 
I = vector of Lagrange multipliers 
4 = relaxation factor 
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